The seismic imaging problem centers around mathematical and numerical techniques to create an accurate image of the earth's subsurface, using recorded data from geophones that capture reflected seismic waves. Using a path integral approach, a wavefield extrapolater can be expressed as a limit of depth-sliced path steps through a variable velocity medium. An image is created from the correlation between upward and downward going waves. We report on the mathematical issues that arise in implementing numerical algorithms based on the path integral approach, in particular convergence, stability, and accuracy.
Introduction
The goal of seismic data processing is to produce highly accurate images of the earth's subsurface, including physical attributes such as lithologies and pore fluids. Our interest here is in numerically approximating solutions to the acoustic wave equation as a suitable model for seismic wave propagation, using wavefield extrapolation to translate seismic data at the surface of the earth into a fully resolved wavefield within the earth's subsurface. A useful numerical extrapolation must be performed rapidly, accurately, and stably in current computing environments. A realistic model must include strongly heterogeneous velocity profiles.
We indicate the mathematical background for certain wavefield extrapolators, numerical implementations, and some alternative formulations, with citations to more detailed work. The additional steps required to produce a seismic image are not discussed here.
Locally homogeneous extrapolators
A solution φ(x, z, t) to the 2D wave equation is assumed, where x is the direction transverse to extrapolation, z is the direction of extrapolation, and t is time. Isolating the z derivative, and assuming a propagation velocity c = c(x) which depends only on x, the wave equation is written as φ zz = −φ xx + c −2 φ tt . Taking Fourier transforms in x, t to define the wavefield in dual variables k, ω, we obtain the integral form for the second z derivative
which is a pseudodifferential operator with symbol 4π
Taking the square root of the symbol, a first order approximation to the first z derivative is obtained, as
and exponentiating the symbol gives the first term in an asymptotic series for the ∆z extrapolator, with
This is a Fourier integral operator (FIO) in the normal form, where convergence of the integral is ensured by choosing the branch of the square root such that, when the argument
c(x) 2 − k 2 is negative, the positive imaginary root is selected.
A different approximation to the space-stepping is obtained by using the same symbol, while expressing the FIO in the adjoint form (mapping φ to φ), as
Averaging (3) and (4) tends to cancel errors in the approximation, and gives the symmetric Feynmann form of the extrapolator. The symmetric Weyl form may also be defined. Physically, these different approximations can be interpreted as evaluating the velocity term c(x) at the input plane, at the output plane, or some averaged point in between, for a single extrapolation step. Fig. 1 Three approximations to wavefield extrapolation of a single delta spike, in a two-block velocity profile having a discontinuous change at 620m. PSPI shows an non-physical discontinuity in the wavefield at the velocity step. NSPS shows incorrect hyperbola slope on the right side of the velocity step. Iterated PSPI shows the proper physical wavefield, including the head wave and reflection.
Numerical implementations
The normal and adjoint form extrapolators require two Fourier integrals, one of which can be implemented directly with an FFT; multiplication implements the symbol in the Fourier domain, or space-time domain, respectively. The Weyl form is slow to evaluate numerically, as the symbol operates in the 4D space of joint time-space/Fourier domain (x, t, k, ω-space). Stability, while not mathematically certain, is sufficient and enhanced by the choice of square root in the symbol to provide exponential decay in the evanescent region. All three are only approximations to the true wavefield extrapolation. Figure 1 shows the results of normal form (PSPI), adjoint form (NSPS), and repeated, short-step iterations of the extrapolator, applied to a delta spike in a two-block velocity profile. The first two images show clearly non-physical features in the wavefield, while the third image is a good approximation to the exact solution. By iterating the PSPI or NSPS extrapolator over short ∆z steps, one effectively computes a path integral for the full onewave extrapolator, which provides an effective method for use in seismic imaging. Iterating the Weyl form also provides an accurate path integral of the extrapolation; however, the numerical method is slow because of the dimensionality. Details on applications in seismic imaging are in [1] .
Alternative approaches
Time-variant filtering methods using adaptive windowing in Gabor transforms, with Gabor multipliers calculated to evaluate to the equivalent filter in the FIO form are used to produce accurate, rapid approximations for wavefield extrapolation. See [5] .
An FIR filter implements the wavefield extrapolator in the x-ω domain, using Weiner filter design to stabilize the filter, and re-sampling in the frequency domain to provide rapid numerical evaluation. This FOCI technique (Forward Operator, Conjugate Inverse) is described in [4] , which has been tested on synthetic data sets including Marmousi.
A successful stabilization technique is based on localized WKBJ operators of quantum mechanics, which compresses the ray paths to finite wedges on which the extrapolator can be computed exactly. Comparisons with other wavefield extrapolation methods on synthetic data shows this is an effective, accurate method. Details are reported in [3] .
The path integral methods of Fishman give more accurate symbols for the FIO extrapolators, and provide a promising method for creating accurate, robust numerical implementations. See [2] for an example of the 3-block velocity profile.
Conclusions
We have outlined the basic numerical approaches to wavefield extrapolation for seismic imaging, discussed speed, accuracy, and stability for various methods, and provided citations to the details.
